accuracy of volume equations using taper equations of stem profile. Can. J. For. Res. 18: 1002Res. 18: -1007. Comparisons of log volume estimation techniques are performed using the equations of Smalian, Huber, and Newton, and a numerical technique using cubic splines. The data utilized were obtained by predicting diameters at various points along the stem from two paper equations for white fir. Results indicate that Newton's and Huber's equations were the most accurate, followed by the cubic spline and Smalian's equation, respectively. This technique facilitated parti tioning of the total error in volume estimation into measurement error and error due to model misspecification arising when the taper of logs could not be exactly described by a simple model such as a frustum of a paraboloid. For the taper relationships analyzed it was shown that the error due to the selection of an inappropriate mensurational model is less than 5070for a measurement distance of 16 ft (4.9 m) for all models tested and can be substantially reduced by applying the formulae only to logs positioned above basal swell. Systematic measurement error was assessed analytically and found to range between 1 and 4%. Thus, total error in volume estimation was less than 9% for all methods tested. BIGING,G. S. 1988. Estimating the accuracy of volume equations using taper equations of stem profile. Can. J. For.
Introduction
In determining volumes of logs, there are two major error. A second source of error is introduced when diameters sources that contribute to the total error in volume estimaand lengths of logs are not accurately measured. tion. First, there is the choice of the equation used in deterIf volume is being determined via water displacement there mining volume. The accuracy of a volume equation's prediccan be other sources of measurement error, if water adheres tion depends upon the underlying shape of the log (geometric to the log, for example, or if the log is not submerged it solid). For example, if the shape of the log exactly follows must be held down by mechanical arms. Both these factors the form of a frustum of a paraboloid, then the equations can affect displacement. As an example of measurement of Newton, Huber, and Smalian all provide exact results error associated with water-displacement determination of (Husch et al. 1982) .1 However, as the form of the log volume, Martin (1984) found that the coefficient of variation departs from parabolic, then the formulae of Huber and based on repeated readings of the xylometer for logs conSmalian become biased, and if the form radically departs taining 5 ft3 (0.14 m3) or more was under 1070, but as the from parabolic, then Newton's formula becomes biased size decreased to 3-5 ft3 (0.08-0.14 m3), the coefficient of (Wensel 19772) . When this situation occurs, using these variation increased to 2-3%. formulae will introduce bias into volume estimation. This
Studies of the accuracy of mensurational formulae for component of total error is termed model misspecification assessing volume have previously been conducted using two different approaches. These approaches either compare estimated volumes with "true" volumes calculated when the BIGING 1003
Using the water-displacement technique, Young et al. (1967) compared volumes of northern hardwoods and soft woods in Maine estimated using the formulae of Smalian and Huber with values obtained by displacement when logs were immersed in a xylometer. They found that for 8-and 16-ft (2.4 and 4.9-m) logs the average errors associated with Huber's equation (3.5070for 8-ft (2.4-m) logs and -3.7% for 16-ft (4.9-m) logs) were consistently smaller and statistically different from the average errors obtained with Smalian's equation ("" 9.0% for 8-and 16-ft (2.4 and 4.9-m) logs). As the log length decreased to 4 ft (1.2 m), the errors in volume estimation decreased, and there were no signifi cant differences between the volumes estimated with Huber's and Smalian's equations. Martin (1984) compared volumes of 243 eastern hardwood logs (12.3 ft (3.7 m) in length) estimated with 14 different equations, including those of Smalian, Huber, and Newton, and compared them with values obtained by water displacement of logs. Martin found that Huber and Newton's equations performed the best in predicting cubic volume, followed closely by Smalian's equa tion. The biases associated with Huber's, Newton's and Smalian's equations were 2.5,3.9, and 6.9%, respectively. The mean "true" log volume for the 243 logs was 6.1 ft3 (0.17 m3).
Another approach in evaluating volume formulae is to compare the tree volume predictions (obtained by summing the volumes predicted for logs) with the best available predic tion of tree volume. The best prediction is considered to be the sum of the log volumes calculated when the measure ment intervals are as small as possible. For example, Goulding (1979) examined the accuracy of several standard mensurational formulae and a spline function3 in estimating tree volumes when the interval between measurements varied. The errors obtained as a percentage of the volume calculated from using a small measurement interval (approximately 2 ft (0.6 m)) varied by method and distance between measurements. On the average, Goulding found that a spline curve had an error that was 60% of the error obtained using Smalian's method. Newton's equation had an error that was, on average, 50% of the error associated with Smalian's method. When the distance between measurements was less than 6.6 ft (2 m) all the methods tested had small errors (less than 2.3%). However, as the interval between measurements increased, the percent error of tree volume calculated with Smalian's method increased rapidly. At a distance of 16.4 ft (5 m) the percent errors were 8% for Smalian's equation, 5% for the spline equation, and 4% for Newton's equation. At a distance of 9.8 ft (3 m) the errors were less than one-half the errors obtained at 16.4 ft (5 m).
Thus, assuming an 8-to 16-ft (2.4-to 4.9-m) log, these research results indicate that the total errors encountered in estimating volume are approximately 3-9% for Smalian's equation, 3-4% for Huber's equation, 1-4% for Newton's equation, and 2-5% for the cubic spline equation. Because of the rather large errors reported in studies of the accuracy of Smalian's equation, Husch et al. (1982) recommend that this equation not be used unless the logs are in 4-ft (1.2-m) lengths. However, because these results include measurement 3A spline function uses a set of polynomial segments with smoothjoinsto createa smoothcurvebetweenspecifieddata points (see Liu 1980) . error, the effect due to selection of a volume formula is overestimated.
Methods
The primary objective of this paper is to separately evaluate the sources of error in volume estimation (model misspecification error and measurement error) by utilizing taper equations to represent stem profile. With traditional mensurational techniques the evalua tion of sources of error in volume estimation cannot readily be performed. This is because true volumes are never known and estimates of "true" volumes are confounded with measurement and model misspecification error, whether water-displacement techniques or traditional mensurational formulae are used to estimate log volumes.
Hence, an alternative approach, which supplements traditional methods, is taken using statistical models of tree taper (profile) to provide "exact" diameters at points along the tree stem. With this technique, known volumes can be obtained by integration of the profile equation. Because diameters are specified without error, the confounding of sources of error can be eliminated. Hence, the effect of model choice on the accuracy of volume estimation (termed model misspecification error) can be examined in the absence of measurement error. The effect of measurement error on volume estimation can be estimated separately and these two components combined to form the total error in volume estimation. The results are compared with previous research findings.
This approach, however, has an inherent postulate that taper equations accurately portray the form of logs and trees. This premise is plausible but not entirely warranted. Relatively accurate profile equations have been developed for many tree species. (cf. Biging 1984; Bruce et a!. 1968; Demaerschalk and Kozak 1977; Goulding and Murray 1976; Kozak et a!. 1968; Max and Burkhart 1976) , but these profile equations display some bias at various relative heights above ground. If, however, the relationship is sufficiently close, this approach will realistically portray the influence of measurement error and model misspecification error on true tree volumes.
Estimation of model misspecijication error
Error in volume estimation due to model misspecification was analyzed by investigating the effect of volume formula4 and log length (distance between measurements) over 25 size classes for white fir, Abies concolor (Gord. & Glend.) Lind!. (Iowiana (Gord.» taken from Biging (1984) . The 25 size classes investigated were composed of 2 in. diameter classes from 10 to 30 in. (25.4-71.1 cm) and 20-ft height classes from 50 to 130 f1. (15.2-39.6 m) primarily falling along the main diagonal of the diameter-height stand table taken from Biging (1984) . Cubic volumes were estimated for each tree of a given size class by summing the volume calculated for each section5 and were compared with the "actual" cubic volumes obtained by integrating a sigmoidal taper model (eq. 1) and a segmented polynomial taper model (eq. 2). The results presented are averaged over the 25 size classes. The taper equations and coefficients values can be found in Table 1 . Biging (1984) Max and Burkhart (1978) and judged by Cao et a!. (1980) to outperform other models tested in terms of bias, standard error, and mean absolute deviation. Biging found that models [I] and [2] compared closely in perfor mance as judged by standard error of the estimate. The degree of 4Note that the volume of the tip of the tree was computed under the assumption that the tip was conical in shape. 5For Newton's equation the log lengths were twice the length of the logs used with the other equations. This insured that the distance between measurements was the same for all methods used. This is necessary because Newton's equation requires three measurements of the diameter of each log, whereas the other equations require only one or two measurements. The segmented polynomial model is specified by
where . h . Ii = 11f H :::;ai: I = 1,2 
Estimation of measurement error
Measurement errors were assessed algebraically (seeAnalysis and results) by computing the ratio of volumes predicted with the mensurational formulae, assuming consistent measurement error, to volume computed assuming no measurement error. These two sources of error were combined to form the total error in volume estimation and compared with previous research findings.
Analysis and results The total error in volume estimation comprises measure ment error and model misspecification error. These sources will be separately analyzed and compared with the results of previous studies.
Impact of measurement errors on the accuracy of volume estimation
The impact of measurement error on cubic volume estimates can be obtained algebraically by allowing diameters and lengths of logs to vary within specified limits. For Smalian's equation the ratio of volume that includes measurement error to volume estimated without error is given as follows: Stl "" 1 + (2Dl~1
To estimate the mean effect of measurement error, a Monte Carlo simulation approach could be employed after making distributional assumptions about measurement errors. However, for this study we need only know the ranges in values due to measurement errors to facilitate com parison with previous studies. A worst-case analysis will allow establishment of ranges within which we can expect the effect of measurement error to be bounded. The greatest measurement error arises when there is a consistent bias (positive or negative) in measurement. Assuming that 
L } Using a similar derivation for Newton's equation the relative percent change in volume estimation of logs due to consis tent measurement error is given by in diameter measurements may be conservative, and thus more allowance may be justified. Under these circumstances, allowing the measurement error to double results in approx imately a doubling in the error in volume estimation, because the approximation to error is directly proportional to the magnitude of diameter measurement error7 (see eqs. 3, 4, and 5). The measurement errors could be negative (under estimating diameter) and the effect would be to underestimate volume. In this case, this would simply change the sign of the values. The case of partially countervailing errors, while not investigated, would tend to lessen the effect of measurement error.
For this study, tree volume is estimated by summing the volumes associated with each log (segment) of the tree. As trees are composed of logs of varying diameters, the error due to measurement should be weighted by the relative volume of the tree accounted for by each log. As the values are relatively stable over a wide selection of diameters, the error in tree volume estimation can be approximated by choosing a range of values that encompasses the log size classes of interest.
Impact of model misspecification error on the accuracy of volume estimation
Error in volume estimation due to model misspecification was analyzed by investigating the effect of volume formula 6The approximating formulae presented in eqs. 3, 4, and 5 predict values within 98-100070of values calculated with the full expansion.
7Errors in measuring log length exert only a minor effect on volume estimates. for a measurement error of 0.1 ft on a 16-ft log, the term 100(M/ L) is only 0.6 and thus contributes only slight ly to the calculated values. If 1-4(1,70, at most, is added for measurement error then the total error in tree volume estimation is in the range 1.5-4.5(1,70, based on eq. lor 3.5-6.5(1,70 based on eq. 2, for a measurement interval of 16 ft. (4.9 m). This is similar to the results obtained by Martin (1984) and Goulding (1979) . Thus, it appears that the total error (measurement error and model misspecification) is in the range 1.5-6.5(1,70 when Newton's equation is used. Considering only the error due to model misspecification, results from this study confirm that when there are departures from form for which Newton's equation is exact, volume estimation is biased when standard log lengths are used. For both models tested, there was less than 2.5(1,70 model misspecification error in estimating tree cubic volume for a standard log length of 16 ft. (4.9 m). 8The effect of size (DBH) is not presented herein because, with a minor exception, it had no discernible influence on model misspecification error. The exception to this trend occurred in some of the smaller diameter classes in the range 10-14 in. for several of the volume formulae for which there was a small increase in relative percent error in these classes. 
Smalian's and Huber's equations
For any solid it can be shown algebraically that the error associated with Smalian's equation is twice that of Huber's, and of the opposite sign to that associated with Newton's equation (Husch et al. 1982) . If the geQmetric solid is an exact frustum of a paraboloid then both formulae yield exact results. As the log form departs from parabolic, then the volumes predicted from both Huber and Smalian's equa tions become biased. As taper departs from TOPF, then Newton's equation is no longer exact, but the algebraic rela tionship between the errors associated with Huber's and Smalian's equations holds relative to Newton's equation for equivalent log lengths. This cannot be seen directly from Figs. 1 and 2 because results are plotted for intervals between measurements, not log length. However, for both taper models tested, the error relative to Newton's equation for Smalian's and Huber's equations is given by a factor of -2 when log lengths are equivalent.
In Figs. 1 and 2 it can be seen that the average percent errors for these two methods are less than 3.5070for either taper model for distances up to 12 ft (3.7 m). As the distance increases beyond 12 ft (3.7 m), the average percent dif ferences increase rapidly for Smalian's equation, which has an averageoverestimateof 2.7 and 5.1070 for models[1]and [2] at 16 ft (4.9 m) and 3.7 and 6.8070for models Martin's (1984) and Goulding's (1979) results. Considering only model misspecification error, results for both taper models show less than 5070error in estimating tree cubic volume with Smalian's equation and less than 2070 error with Huber's equation for a standard log length of 16 ft (4.9 m).
Spline functions
Spline functions have been successfully used to model taper of individual trees (cL Lahtinen and Laasasenaho 1979; Liu 1980; Goulding 1979) and to calculate log cubic volumes. For a mathematical formulation of cubic spline functions see, for example, Burden et al. (1979) . The spline function for taper can be integrated directly to yield cubic volume. Figures 1 and 2 display the average bias of the spline function as distance between measurements increases for models [1] and [2], respectively. For this study, the spline approximation never exceeds an average of 2070for any distance between data points for eq. 1, but for eq. 2 the spline errors were 3.2070at 16 ft (4.9 m) and 4.4070at 20 ft (6.1 m). Excluding the 4-ft (1.2-m) distance, the average ratio of spline error to Smalian volume error was 57070for eq. 1 and 62070for eq. 2, which is almost identical with the results of Goulding (1979) .
Assuming the same range of errors in volume estimation as occurred for Newton's equation (1-4070),then the total error in tree volume estimation is less than 3-6070for eq. 1 and approximately 4-7070for eq. 2 at 16 ft (4.9 m), which is in the range of errors that Goulding (1979) reported. If only model misspecification error is considered, the bias in tree volume estimation is less than 3.5070 for both models considered for a standard log length of 16 ft (4.9 m).
Effect of basal swell on model misspecification error
For taper profiles developed from eqs. 1 and 2 there are only subtle differences in the taper profiles.9 However, the segmented polynomial taper equation (model 2) exhibits more basal flare than the sigmoid-derived taper equation (model 1) and may account for a significant proportion of the differences in volume accuracy between these two models. To test this hypothesis, models [1] and [2] were reanalyzed using only predicted ("exact") diameters at 4.5 ft (1.4 m) and above to remove the effect of basal swell. The results are presented in Figs. 3 Fig. 2 and did not exceed 1.5070for any mensurational model. These 9Equation 1 predicts more volume in the lower portion of the tree bole and is a more "regular" profile than that predicted with eq.2. results imply that the effect of model misspecification is greatest in the basal log in which departures from TOPF are common and is only moderate for logs from all other parts of the tree.
Conclusions
The total error in log (and tree) volume estimation has two components, one due to measurement error and one due to model misspecification arising when the underlying shape of the log departs from a specified geometric shape such as a frustum of a paraboloid. An alternative approach, which supplements traditional techniques, was taken using profile equations to provide "exact" diameters at points along the tree stem under the premise that well-constructed taper equations are representative of tree and log profiles. Unlike traditional techniques, this construct allows the two sources of error to be separately assessed.
The results of this study indicate that the errors in tree cubic volume estimation for white fir resulting from model misspecification for the four methods tested (Smalian's, Newton's, and Huber's equations and a spline function), while substantial, are less than expected for some models and are affected by basal swell. When measurements are taken at a distance of 20 ft (6.1 m), all models tested had an average error of less than approximately 70/0, and less than 5% at 16 ft (4.9 m). Below 12 ft (3.7 m) there was minor error associated with all four methods «3.5%). Newton's and Huber's equations fared best, but Newton's was biased as taper departed from third-order polynomial form. As expected, Huber's equation outperformed Smalian's. The tree volume estimation errors associated with Smalian's equation were smaller than expected, averaging less than 5% for a standard log length of 16 ft (4.9 m). The cubic spline function and Huber's equation performed very similarly, with Huber's equation being about 90% or less of the value of the error associated with the cubic spline. Huber's equation, which is a function of midlog diameter, was the least affected by differences in the underlying taper surfaces tested. Thus, it appears that all of the methods tested provide relatively accurate estimates of cubic volume for standard log lengths.
For one taper equation, which exhibited a higher degree of basal flare, the accuracy of the estimates of cubic volume was notably increased for Smalian's and Newton's equations and for a spline equation when applied to logs above breast height. This result showed that basal swell can have a relatively large influence on the accuracy of the volume estimates. Therefore, when using this technique particular care should be taken to select a taper equation that realistically portrays lower stem profile. It also follows that a considered choice of a mensurational model for the basal log is warranted to minimize model misspecification error.
It was estimated that consistent errors in measurement (over-or under-estimation of 1/10in. (0.25 cm) in diameter, and log length estimation errors of VIOft) resulted in 1-40/0 change in volume estimation. Therefore, for this study the total error in volume estimation ranged from approximately 2 to 9%, depending on method and distance between measurements and the severity of measurement errors.
This technique was shown to provide results in concert with previous research findings, and also allowed estimation of the error associated with the choice of a mensurational formula. This methodology is less expensive than traditional techniques and is easily modified to allow for additional analysis that would be difficult to achieve without conduct ing additional experiments, such as assessing the effect of a different set of log lengths on the accuracy of volume formulae.
